Abstract. Bouncing scenarios offer an alternative to the inflationary paradigm for the generation of perturbations in the early universe. Recently, there has been a surge in interest in examining the issue of primordial magnetogenesis in the context of bouncing universes. As in the case of inflation, the conformal invariance of the electromagnetic action needs to be broken in bouncing scenarios in order to generate primordial magnetic fields which correspond to observed strengths today. The non-minimal coupling, which typically depends on a scalar field that possibly drives the homogeneous background, leads to a cross-correlation at the level of the three-point function between the perturbation in the scalar field and the magnetic fields. This has been studied in some detail in the context of inflation and, specifically, it has been established that the three-point function satisfies the so-called consistency relation in the squeezed limit. In this work, we study the cross-correlation between the magnetic fields and the perturbation in an auxiliary scalar field in a certain class of bouncing scenarios. We consider couplings that lead to scale invariant spectra of the magnetic field and evaluate the corresponding cross-correlation between the magnetic field and the perturbation in the scalar field. We find that, when compared to de Sitter inflation, the dimensionless nonGaussianity parameter that characterizes the amplitude of the cross-correlations proves to be considerably larger in bouncing scenarios. We also show that the aforementioned consistency condition governing the cross-correlation is violated in the bouncing models. We discuss the implications of our results.
Introduction
Magnetic fields permeate the universe over a wide range of scales. In addition to the detection of magnetic fields in astrophysical systems such as stars and galaxies, recent observations also point towards the prevalence of these fields on cosmological scales, viz. in the large scale structures [1] [2] [3] [4] [5] [6] and even in the intergalactic medium [7, 8] . In galaxies and clusters of galaxies, the strengths of the magnetic fields have been measured to be a few micro Gauss, while in the intergalactic medium, they are estimated to be of the order of 10 −17 Gauss at 1 Mpc [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In contrast, using CMB observations by Planck and POLARBEAR, the upper bound on the magnetic fields has been arrived at to be about a few nano Gauss [17, 18] , which has also been corroborated by the upper limits obtained from the NRAO VLA Sky Survey [19] . It is well known that certain astrophysical processes, particularly the dynamo mechanism, can, in the presence of a seed field, augment the strength of the magnetic fields in galaxies. The origin of such progenitor fields is usually attributed to primordial processes.
Inflation is presently the most widely accepted paradigm to explain the generation and evolution of perturbations in the early universe. The issue of magnetogenesis, viz. the origin of magnetic fields, has been widely studied in various inflationary scenarios and, by means of the breaking of conformal invariance of the electromagnetic field, it has been possible to obtain scale invariant magnetic fields of the relevant strengths over the correlation scales of interest [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Nevertheless, such models are known to be afflicted by the backreaction and strong coupling problems [23, 39, 40] . Consequently, it seems worthwhile to investigate the generation of magnetic fields in scenarios that provide a feasible alternative to the inflationary framework. Among such alternatives, the most popular ones are the so-called bouncing models . In these models, the universe goes through a period of contraction followed by an expanding phase, with a 'bounce' connecting the two epochs. Lately, there have been some efforts towards understanding the generation of magnetic fields in the bouncing scenarios [62] [63] [64] [65] [66] [67] [68] .
In a recent work [65] , we had analytically illustrated how scale invariant magnetic fields can be produced in a certain sub-class of symmetric bouncing scenarios. Using these analytical solutions, it would be interesting to examine the cross-correlations of these magnetic fields with scalar perturbations present in the bouncing scenarios. These correlations have been examined before in the context of inflation [69] [70] [71] [72] [73] . The magnitude of the non-Gaussianities generated through such correlations has been estimated to be quite large for inflation, and the shape of the non-Gaussianities peaks in the flattened limit, i.e. when the wavenumber of the scalar perturbation is twice the wavenumber associated with the two modes of the magnetic field. In this work, we study the cross-correlations of the magnetic fields produced in bouncing universes with the perturbations in an auxiliary scalar field. Ideally, it would be more appropriate to evaluate the cross-correlation between the primordial magnetic fields and the curvature perturbation. However, as is well known, examining the behavior of the curvature perturbations in bouncing models necessitates considerable modeling, often involving more than one field (see, for instance, Ref. [74] ). Therefore, it would be instructive to first investigate the behavior of the cross-correlation of the magnetic fields with the perturbation in an auxiliary scalar field and explore their ramifications.
One of the most important characteristics of three-point functions is their behavior in the squeezed limit of the wavenumbers involved, i.e. when one of the wavenumbers is assumed to be much smaller than the other two. In inflation, typically, the amplitude of the mode with the longest wavelength and, therefore, the smallest wavenumber, freezes on superHubble scales. Therefore, in the squeezed limit, the three-point function can be completely expressed in terms of the two-point function through a relation referred to as the consistency condition (see Refs. [75] [76] [77] [78] [79] [80] [81] in the context of three-point functions involving scalar and tensor perturbations, and Refs. [71, 72] for cross-correlations between the scalar perturbation and the magnetic fields). However, in the case of the bouncing models that we shall study, the amplitude of the scalar perturbations grows strongly as one approaches the bounce (in this context, see Refs. [74, 82] ). This suggests that the consistency relation may not hold in such scenarios (for a similar effect in the case of the tensor bispectrum, see Ref. [82] ). Therefore, it is of utmost significance to examine whether the consistency relation, which holds true for inflationary magnetogenesis, would be valid in the bouncing model. This paper is organized as follows. In the following section, we shall describe a few essential aspects concerning the evolution of the electromagnetic field in the presence of nonminimal coupling. We shall also evaluate the power spectra of the magnetic fields that arise in inflationary as well as bouncing scenarios in the presence of a non-minimal, power law coupling that is often considered in this context. In Sec. 3, after briefly revisiting the calculation of the cross-correlations between the perturbation in the scalar field and the magnetic fields in the context of inflation, we shall evaluate the corresponding three-point function in the matter bounce scenario of our interest. In Sec. 4, we shall define a dimensionless nonGaussianity parameter to characterize the three-point function and calculate the parameter in both the inflationary and bouncing models. In Sec. 5, we shall evaluate the cross-correlation in the squeezed limit and illustrate that, while the consistency relation holds true in the case of inflation, it is violated in the bouncing scenario. Finally, we shall conclude with a brief discussion in Sec. 6.
We shall work with natural units such that = c = 1, and set the Planck mass to be M Pl = (8 π G) −1/2 . We shall adopt the metric signature of (−, +, +, +). Greek indices shall denote the spacetime coordinates, whereas the Latin indices shall represent the spatial coordinates, except for k which shall be reserved for denoting the wavenumber. Lastly, an overprime shall denote differentiation with respect to the conformal time coordinate.
2 Generation of scale invariant magnetic fields in the early universe
In this section, we shall describe the generation of primordial magnetic fields via a nonminimal coupling. We shall introduce the form of the electromagnetic action and, after choosing to work in a specific gauge, we shall obtain the equation of motion governing the electromagnetic vector potential. We shall quantize the vector potential in terms of the modes that satisfy the equation of motion in Fourier space. We shall also define the power spectrum corresponding to the energy density associated with the magnetic field. Thereafter, we shall consider a certain form of the coupling function wherein it can be expressed as a simple power of the scale factor, and analytically evaluate the magnetic power spectra in de Sitter inflation and in a specific class of bouncing scenarios.
Non-minimally coupled electromagnetic fields
We shall consider the background to be the spatially flat, Friedmann-Lemaître-RobertsonWalker (FLRW) metric that is described by the line-element
where a(η) is the scale factor and η denotes the conformal time coordinate. We shall consider the action
where the electromagnetic field tensor F µν is given in terms of the vector potential A µ by the relation
The quantity J(φ) describes the non-minimal coupling, with φ denoting a scalar field that possibly contributes to the background evolution. We shall assume that there is no homogeneous component to the electromagnetic field. We shall choose to work in the Coulomb gauge wherein A 0 = 0 and ∂ i A i = 0. In such a gauge, at the quadratic order in the inhomogeneous modes, the action describing the electromagnetic field is found to be (see, for example, Ref. [24, 27] )
We can vary this action to arrive at the following equation of motion for the electromagnetic vector potential:
For each comoving wavevector k, we can define the right-handed orthonormal basis (ε k 1 , ε k 2 ,k), where
On quantization, the vector potentialÂ i can be Fourier decomposed as follows [24, 27] :
where the Fourier modesĀ k satisfy the differential equation
The quantities ε k λi represent the polarization vectors and the summation corresponds to the two orthonormal transverse polarizations. The operatorsb λ k andb λ † k are the annihilation and creation operators satisfying the following standard commutation relations:
Let us now define a new variable A k = JĀ k , which, as we shall see, proves to be convenient to deal with. In terms of the new variable, Eq. (2.8) forĀ k simplifies to
Power spectra
Since we shall be focusing only on the properties of the magnetic field and not those of the electric field, let us attend to the power spectra of the generated magnetic fields. Letρ B denote the operator corresponding to the energy density associated with the magnetic field. Upon using the decomposition (2.7) of the vector potential, the expectation values of the energy densityρ B can be evaluated in the vacuum state, say, |0 , that is annihilated by the operatorb λ k for all k and λ. It can be shown that the spectral energy density of the magnetic field can be expressed in terms of the modesĀ k and A k and the coupling function J as follows [24, 27] :
The spectral energy density P B (k) is often referred to as the power spectrum of the generated magnetic fields. A flat or scale invariant magnetic field spectrum corresponds to a constant, i.e. k-independent, P B (k).
The inflationary case
Let us first consider the simple case of de Sitter inflation, wherein the scale factor is given by 12) with H 0 being the value of the Hubble parameter during inflation. In order to solve for the electromagnetic modes, we need to choose a form of the coupling function. In keeping with the expressions for the coupling functions that have been adopted earlier [24, 27, [69] [70] [71] [72] , we shall work with a coupling function that can be written as a simple power of the scale factor as follows:
(2.13)
We shall set J 0 = (−H 0 η e ) n , where η e denotes the conformal time at the end of inflation. This choice ensures that J reduces to unity at η e . For such a coupling function, J ′′ /J = n (n+1)/η 2 and the solutions to Eq. (2.10) can then be expressed as [6, 24] : 14) where J ν (x) refers to the Bessel function and the coefficients C 1 (k) and C 2 (k) can be fixed from the standard Bunch-Davies initial conditions to be
It is useful to note that the modeĀ k can be expressed conveniently in terms of the Hankel function of the first kind H
(1) 16) with J(η) given by Eq. (2.13). Using the above expression for the modes and the definition (2.11), the power spectrum for the magnetic field can be obtained to be
For n > −1/2, at late times (i.e. as η e → 0), this expression reduces to
Therefore, the spectral index characterizing the power spectrum of the magnetic field is given by n B = 4 − 2 n. Clearly, we must have n = 2 in order to obtain a scale invariant power spectrum. On the other hand, for n < −1/2, at late times (i.e. as η e → 0), the power spectrum can be obtained to be
In this case, the spectral index of the magnetic field power spectrum is given by n B = 6 + 2 n. Therefore, a scale invariant power spectrum can also be obtained for n = −3. However, the cases wherein n < 0 lead to severe backreaction issues which result in the termination of inflation within about 10 e-folds [69, 72] . Therefore, we shall avoid such scenarios in this work. Also, note that, when n B = 0, the amplitude of the power spectrum is determined only by the value of H 0 . One finds that, in order to obtain magnetic fields of nano Gauss strength today, the value of H 0 should be of the order of 10 13 GeV [69] .
The bouncing scenarios
We shall now discuss the generation of magnetic fields in bouncing scenarios. Let us assume that the non-singular bouncing scenario of our interest is described by the following form of the scale factor a(η) (in this context, see Refs. [64, 74, 82] ): 20) where a 0 is the minimum value of the scale factor attained at the bounce (i.e. at η = 0), η 0 = 1/k 0 denotes the time scale of the duration of the bounce and q > 0. It is evident that, for the case q = 1, during very early times wherein η ≪ −η 0 , the scale factor behaves as a ∝ η 2 , which corresponds to the behavior of the scale factor in a matter dominated universe. Therefore, the q = 1 case is often referred to as the matter bounce scenario. Later, when calculating the three-point function of interest, we shall restrict ourselves to the case of the matter bounce, but for now let us consider an arbitrary q. Evidently, we shall also require to assume a form of the non-minimal coupling function J. As in the case of inflation, we shall assume that the coupling function can be expressed as a power law of the scale factor as follows:
where J 0 is a suitable constant. We shall comment on the choice of J 0 in due course. In order to solve the equation of motion governing the evolution of the electromagnetic mode in the matter bounce scenario, for convenience, we shall divide the time period of our interest into two domains, one far away from and prior to the bounce (i.e. −∞ < η < −α η 0 , with α ≫ 1) and another around the bounce (i.e. −α η 0 < η < β η 0 , with β > 0). We shall assume that α is of the order of 10 5 and, as we shall explain later, we shall set β to be 10 2 . During the first domain, the non-minimal coupling function J simplifies to a power law form: J(η) ∝ ηγ, whereγ = 2n q. Under these conditions, we have J ′′ /J ≃γ (γ − 1)/η 2 , which is of the same form as in the inflationary case that we had discussed in the previous sub-section. Therefore, in the first domain, we can express the electromagnetic modesĀ k in terms of the Hankel function H (1) ν (x) as follows [64, 65] :
Let us now evaluate the power spectra of the magnetic fields as one approaches the bounce, in fact as k η → 0 − . Since the solution (2.22) is assumed to be applicable only in the first domain (i.e. over −∞ < η < −α η 0 ), we need to restrict ourselves to wavenumbers such that k ≪ k 0 /α. The power spectra of the magnetic fields for such modes can be written as [64, 65] 
where H ≃ (2 q/a 0 η) (η 0 /η) 2 q , while m =γ forγ ≤ 1/2 and m = 1 −γ forγ ≥ 1/2. The quantity F(m) is given by
Evidently the value of the index m = −2, which corresponds to eitherγ = 3 orγ = −2, leads to a scale invariant spectrum for the magnetic field. The power spectrum (2.23) has been calculated before the bounce. We need to evolve the modes across the bounce and evaluate the power spectrum of the magnetic field after the bounce. In order for the problem to be tractable analytically, we shall hereafter restrict our analysis to the cases whereinn > 0 [65] . We find that for scales of cosmological interest such that k ≪ k 0 , k 2 ≪ J ′′ /J around the bounce. Hence, near the bounce, we can neglect the k 2 term in Eq. (2.8) to arrive atĀ
This equation can be integrated twice to yield [65] A
where 2 F 1 (a, b; c; z) denotes the hypergeometric function (see, for instance, Ref.
[83]). We shall choose η * = −α η 0 , which then permits us to use the solution (2.22) in first domain to determineĀ k (η * ) andĀ ′ k (η * ), and thereby arrive at the solution in the second domain. Note that the solution (2.26) is valid only when k 2 ≪ J ′′ /J and, evidently, the condition will fail at suitably late times after the bounce (just as it does prior to the bounce). Therefore, the solution has to be utilized to evaluate the power spectrum of the magnetic field in the domain of its validity. Moreover, the numerical analysis of the modes suggest that the analytical solutions that we have obtained would be invalidated well before the condition k 2 = J ′′ /J is satisfied after the bounce [64] . For these reasons, we shall choose to evaluate the power spectrum after the bounce at η = β η 0 , with β chosen to be about 10 2 . Interestingly, for the scale factor (2.20) we are working with, for, say, q = 1, the time η = β η 0 roughly corresponds to the time of reheating that follows the phase of inflation in the conventional hot big bang model [64] . Having explained the reasons behind our choice of β, this seems an ideal stage to mention the value of J 0 we shall work with. It is straightforward to show that the power spectrum of the magnetic field does not depend on J 0 . However, as we shall see later, the three-point cross-correlation indeed depends on its value. We shall choose the value of J 0 such that J(β η 0 ) = 1. This ensures that we recover the standard electromagnetic coupling after the bounce at roughly the time when the universe is expected to transit to the radiation dominated era, just as is done in the context of inflation. We can now analytically evaluate the power spectrum after the bounce at η = β η 0 . We find that the power spectrum of the magnetic field retains its scale dependence across the bounce [65] . In the scale invariant case corresponding toγ = 3, the amplitude of the power spectrum for k/(α k 0 ) ≪ 1 can be determined to be
For instance, if we choose, k 0 /(a 0 M Pl ) ≃ 10 −4 , we find that the above spectrum will lead to magnetic fields of nano Gauss strengths today.
3 Cross-correlations between the scalar perturbation and magnetic field
As is evident from the results of the preceding section, it is possible to obtain scale invariant magnetic fields of the requisite strength both in the case of inflation as well as in bouncing scenarios. Therefore, the behavior of the two-point function of the primordial magnetic fields alone is not adequate to distinguish between the inflationary and bouncing scenarios. It would hence be of utmost importance to study the cross-correlations of these fields with other fields that are expected to exist in the early universe, particularly the scalar fields. In this section, we shall arrive at the expression for the three-point function involving the magnetic field and the perturbation in the scalar field which leads to the non-minimal coupling. We shall first revisit the case of de Sitter inflation, wherein we shall consider the perturbation in an auxiliary scalar field and evaluate the three-point function. Thereafter, we shall calculate the three-point function in the bouncing model of our interest. We shall analyze the three-point function in these scenarios for two cases -one which leads to a scale invariant power spectrum for the magnetic field and another which results in a blue-tilted power spectrum that scales as the square of the wavenumber involved. While the former is observationally relevant, the latter case involves simpler computations and we shall utilize it to illustrate certain points. The Lagrangian at the third order involving the perturbation δφ in the scalar field and the electromagnetic vector potential A i can be easily obtained from the original action (2.2). The corresponding interaction Hamiltonian can be determined to be [69] 
where δφ denotes the perturbation in the scalar field. The cross-correlation between the perturbation in the scalar field and the magnetic field in real space is defined as
where the components B i of the magnetic field are related to the vector potential A i through the relation
while δφ k and B i k denote the Fourier modes associated with the perturbation in the scalar field and the i-th component of the magnetic field. According to the standard rules of perturbative quantum field theory, the cross-correlation between the perturbation in the scalar field and the magnetic field in Fourier space, evaluated at the end of inflation, is given by [69, 72] 
4) whereĤ int is the operator associated with the Hamiltonian (3.1) and the square brackets indicates the commutator.
We have already discussed the quantization of the electromagnetic modes in the previous section. The perturbation in the scalar field can be quantized in terms of the corresponding Fourier modes, say, f k aŝ
where the annihilation and creation operatorsâ k andâ † k satisfy the following standard commutation relations:
As we shall see, in order to achieve the coupling functions (2.13) and (2.21), we shall assume that the canonical scalar field is governed by the linear potential in the case of inflation and is free in the case of the bounce. In both these cases, the perturbation in the scalar field δφ is governed by the equation of motion
where H = a ′ /a is the conformal Hubble parameter. The Fourier modes f k therefore satisfy the differential equation
Let us now define
Then, upon using the expression (3.4), along with the form of the interaction Hamiltonian (3.1) and Wick's theorem that applies to the products of the operatorsÂ i k andδφ k , one can show that the quantity G δφBB (k 1 , k 2 , k 3 ) can be expressed as
+ complex conjugate, (3.10) where
Given the solutions for the electromagnetic modesĀ k and the scalar perturbations f k [cf. Eqs. (2.8) and (3.8)], the above integrals can be evaluated in the inflationary and bouncing scenarios to arrive at the three-point function
The three-point function in de Sitter inflation
Before we go on to evaluate the three-point function in the bouncing scenario, we shall first revisit its calculation in inflation in order to illustrate a few points. In Sec. 2, when we had considered the evolution of the electromagnetic modes, for simplicity, we had assumed that the non-minimal couping J(η) is given by Eq. (2.13). In contrast, to evaluate the three-point function of interest, apart from J, we also need the behavior of dJ/dφ [cf. Eqs. (3.11)], which requires J(φ). This can be arrived at easily. Let the auxiliary scalar field φ that is evolving in de Sitter spacetime characterized by the scale factor (2.12) be described by the potential V (φ). In de Sitter spacetime, the homogeneous scalar field φ satisfies the following equation of motion:
where V φ = dV /dφ. If we now assume that V (φ) = −3 n M Pl H 2 0 φ, where n is a constant, then it is straightforward to show that, for a suitable choice of initial conditions, the solution to the above equation governing the scalar field can be written as [69] φ(η) = −n M Pl ln η.
(3.13)
Therefore, upon setting J(φ) = J 0 exp (φ/M Pl ), we can arrive at the desired behavior of J(η) [as given by Eq. (2.13)] that we had worked with. With J(φ) at hand, we can, evidently, obtain dJ/dφ to be 14) thereby arriving at the required quantities related to the background. We shall now evaluate the three-point function G δφBB (k 1 , k 2 , k 3 ) for two specific values of n, as it proves to be difficult to evaluate the quantity for arbitrary n. Therefore, we shall consider the two cases wherein n = 1 and n = 2. The n = 1 case leads to a blue-tilted power spectrum for the magnetic field with the spectral index n B = 2. Whereas, the n = 2 case leads to the desired scale invariant spectrum. Note that the behavior of the mode f k depends only on the scale factor [cf. Eq. (3.8)]. As is well known, in de Sitter spacetime, the mode f k satisfying the standard Bunch-Davies initial condition is given by
The case of n = 1
When n = 1, the electromagnetic modeĀ k and its derivativeĀ ′ k can be written as
Then, upon using the expressions (2.13) and (3.14) as well as the above modes in the integrals (3.11), we find that the integrals [viz.
can be evaluated easily (we have listed the results in the Appendix). The two corresponding contributions to the three-point function can then be calculated to be
where
is evidently arrived at by adding the above two contributions.
The case of n = 2
Let us now consider the case of n = 2. Since the scalar modes depend only on the scale factor, they remain the same as in the case of n = 1 [i.e. as given by Eq. (3.15) ]. Whereas, the electromagnetic mode and its derivative are given bȳ
Upon evaluating the integrals (3.11) using the above modes (in this context, see Appendix) and eventually taking the limit η e → 0, one can obtain that
where γ E is the Euler-Mascheroni constant. Clearly, the complete three-point function is a sum of the above two contributions. A few clarifications need to made regarding the expressions we have arrived at above in the n = 2 case. To begin with, note that the two contributions in this case explicitly depend on η e [cf. Eqs. (3.19) ]. The dependence arises through a 2 (η e ) as an overall factor and the term ln (−k T η e ) that is encountered in the second contribution. While the first contribution is relatively straightforward to arrive at, the second requires some care (when considering the η e → 0 limit), specifically, in order to arrive at the logarithmic term. Later, in Sec. 4, we shall illustrate the amplitude and shape of the dimensionless non-Gaussianity parameter associated with the three-point function G δφBB (k 1 , k 2 , k 3 ). The non-Gaussianity parameter will involve the ratio of the three-point function and the power spectra of the magnetic field as well as the perturbation in the scalar field. We shall see that the overall a 2 (η e ) term will be cancelled by a similar term that arises in the power spectrum of the magnetic field. Also, we shall find that the logarithmic term considerably enhances the three-point function in the flattened limit (i.e. when k 1 = 2 k 2 = 2 k 3 ) leading to a characteristic shape for the non-Gaussianity parameter [72] .
The three-point function in the matter bounce
Let us now turn to the evaluation of the three-point function in the bouncing models. In this case, we shall assume the canonical scalar field φ to be a free field. This choice is motivated by the fact that it will lead to a scale invariant spectrum for the perturbation in the scalar field in the matter bounce scenario (just as in de Sitter inflation) that we shall focus on [82, 84] . Such a scalar field is governed by the following equation of motion:
This equation can be immediately integrated to arrive at
where C φ is a constant of integration. Recall that, apart from the form of the coupling function J, we require its derivative dJ/dφ to calculate the three-point function. Upon using the quantity φ ′ we have obtained above, dJ/dφ can be expressed as
In what follows, we shall assume the background to be the matter bounce scenario wherein q = 1, and we shall consider the casesn = 1 andn = 3/2. Let us now understand the behavior of the modes. Since the Fourier modes f k of the perturbation in the massless scalar field depend only on the scale factor [cf. Eq. (3.8)], it can be solved for independent of the value ofn. The modes f k can be arrived at by dividing the period of interest into two domains (over −∞ < η < −α η 0 and −α η 0 < η < β η 0 , where α = 10 5 and β = 10 2 ) just as we had done in the case of the electromagnetic modes. In the first domain, the mode is given by the following well known matter bounce form [82, 84] :
While in the second domain, it can be obtained to be (in this context, see Ref. [82] )
while the function g 1 (x) is given by
The behavior of the mode f k is plotted in Fig. 1 as a function of so-called e-N-folds N in terms of which the scale factor is given by a(N ) = a 0 exp(N 2 /2) [64] , where a 0 is the value of the scale factor at the bounce. Note that the modes f k andĀ k grow strongly as one approaches the bounce. Such a growth may lead to large non-Gaussianities in the bouncing scenarios. Figure 1 . The behavior of the scalar mode f k (on the left) and the electromagnetic modeĀ k (on the right, for the casen = 3/2) in the matter bounce scenario (i.e. when q = 1) has been plotted as a function of time. We have chosen to work with a time variable called e-N-folds that is convenient to describe symmetric bounces [64] . Note that both the modes grow as one approaches the bounce. This property can lead to large non-Gaussianities. These plots correspond to a typical cosmological scale with wavenumber k/k 0 = 10 −20 and we should add that modes corresponding to all the scales of cosmological interest behave in a similar fashion. We should also point out that numerical analyses suggest that these analytical approximations match the exact numerical solutions very well [64, 65, 82] .
The case ofn = 1
Let us first consider the case ofn = 1, as we had done in the context of inflation. In such a case, we have dJ dφ
Since we now know the background quantities as well as the behavior of the modes, we have all the information required to evaluate the integrals characterizing the three-point function [cf. Eqs. (3.11)]. In order to calculate these integrals, evidently, we can divide the period of interest (i.e. −∞ < η < β η 0 ) into two domains (−∞ < η < −α η 0 and −α η 0 < η < β η 0 ) over which we have constructed solutions for the modes. In the first domain, for the bouncing scenario of our interest, the scale factor can be approximately written as a(η) ≃ a 0 k 2 0 η 2 . Therefore, we have [cf. Eqs. (2.21) and (3.22)]
where we have set J 00 = 2 J 2 0 k 8 0 a 4 0 /C φ . Also, whenn = 1, the electromagnetic modes (2.22) and their time derivative reduce tō
Now, in order to arrive at the three-point function, we need to evaluate the integrals (3.11).
After writing these equations in terms of the coupling function and the scalar and electro-magnetic modes, we find that the integrals involved are mainly of the following form:
which can be evaluated to be [85] 
with Ei(z) being the exponential integral function. Therefore, in the first domain, the integrals (3.11) can be completely written in terms of the quantities Q m (k T ) (see Appendix for the complete expressions).
In the second domain, we have
where we have defined J 01 = 2 J 2 0 k 2 0 a 4 0 /C φ . Also, the modes and their derivatives are given by the expressions [cf. Eq. (2.26)]
where . (3.26) . On using the above expressions, we find that the integrals (3.11) in the second domain are of the following form:
These integrals can be evaluated easily in terms of elementary functions. Thereafter, these two integrals can be combined to arrive at the total contribution to the three-point function from the second domain.
The case ofn = 3/2
For the case of q = 1 andn = 3/2, which is when scale invariant magnetic fields are generated, we have dJ dφ
In the first domain, for the matter bounce scenario, we therefore have
where we have set J 10 = 3 J 2 0 k 10 0 a 5 0 /C φ . In this case, the electromagnetic modes (2.22) in the first domain simplify tō
Using these solutions, we can compute the contribution to the three-point function from the first domain. We find that the integrals (3.11) can be completely expressed in terms of the functions Q m (k T ) we had introduced in Eqs. (3.30) and (3.31) (see Appendix).
where we have defined J 11 = 3 J 2 0 k 2 0 a 5 0 /C φ . Also, the electromagnetic modes are given by the following expressions [82] 
where the quantities C 1k and C 2k can be written as
while the function g 3 2 (x) is given by
Upon using the above expressions for the modes, we find that the integrals (3.11) in the second domain are of the following form:
These integrals can again be evaluated easily and expressed in terms of elementary functions and they can then be combined to arrive at the complete three-point function.
It is useful to note here that, on comparing the amplitude of the contributions to the three-point function from the first and second domains, we find that the second domain leads to a much larger contribution than that from the first domain in both the cases ofn = 1 and n = 3/2. The final expressions describing the three-point functions prove to be quite lengthy and cumbersome. Due to this reason, rather than write them down explicitly, we shall instead illustrate the behavior of the corresponding non-Gaussianity parameter as density plots in the next section.
Amplitude and shape of the non-Gaussianity parameter
Motivated by definitions of the non-Gaussianity parameters describing the three-point auto and cross-correlations of the scalar and tensor perturbations [86, 87] , we shall now define a non-Gaussianity parameter b NL to characterize the cross-correlation between the magnetic field and the perturbation in the scalar field. As we shall see, the parameter will prove to be a dimensionless quantity involving the ratio of the cross-correlation and the power spectra of the scalar perturbation and the magnetic field. The parameter captures the amplitude and shape of the three-point function, and we should clarify that it has a form very similar to the parameters defined earlier in this context [69, 71, 72] . In this section, we shall arrive at the expression for the non-Gaussianity parameter by following the same procedure as was used to arrive at similar parameters for the three-point functions involving the scalar and tensor perturbations [87] . With the definition at hand, we shall evaluate the parameter for the inflationary and bouncing scenarios of our interest.
The amplitude of the non-Gaussianity in the local model for the scalar three-point function is usually parameterized in terms of a parameter f NL which, in this model, coincides with the bispectrum scaled by products of the power spectra. Here, we generalize that analogously to a non-Gaussianity parameter b NL which we define through the following relation:
whereB i q is the Fourier mode of the actual magnetic field andB
i q indicates the Fourier mode of its Gaussian part, while, as usual,δφ q−p refers to Fourier mode of the perturbation in the scalar field which has already been assumed to be Gaussian. We can evaluate the three-point function of our interest, viz. δ φ k 1B i k 2B i k 3 , upon using the above definition ofB i q and Wick's theorem which applies to Gaussian operators. On making use of the definition (3.9) of G δφBB (k 1 , k 2 , k 3 ) and inverting the resulting expression, we obtain the following expression for b NL :
In this expression, P B (k) is the power spectrum of the magnetic field we have discussed earlier, while P δφ (k) is the power spectrum of the scalar field, given by
with the right hand side to be evaluated as η e → 0 in the context of inflation and at η = β η 0 in the context of the bouncing models. Due to their dual nature [84] , both de Sitter inflation and matter bounce are expected to lead to scale invariant spectra for the perturbation in the scalar field. In de Sitter inflation, the spectrum is given by the well known scale invariant form
In the matter bounce, using the modes (3.24), it can be determined to be [82] 
Let us first consider the amplitude and shape of the non-Gaussianity parameter b NL for an arbitrary triangular configuration of the wavevectors k 1 , k 2 and k 3 in the context of inflation. In de Sitter inflation, for the case of n = 1, from the two contributions (3.17) to the three-point function and the power spectra (2.18) and (4.4), the parameter b NL can be obtained to be
Note that, in the squeezed limit, wherein k 1 → 0 and k 2 = k 3 , we have b NL = −4. For the case of n = 2, the non-Gaussianity parameter can be obtained [from Eqs. (3.19), (2.18) and (4.4)] to be
In the squeezed limit, we have b NL = −8. In the next section, we shall discuss the properties of b NL in the squeezed limit in more detail. Figure 2 . The dimensionless non-Gaussianity parameter b NL arising in de Sitter inflation has been illustrated as a density plot for an arbitrary triangular configuration of wavenumbers for the two cases of n that we had considered (with n = 1 on the left and n = 2 on the right). Recall that the n = 2 case leads to a scale invariant spectrum for the magnetic field. The amplitude as well as the shape of the parameter is considerably different in the two cases. Moreover, in the case n = 2, the parameter is considerably enhanced in the flattened limit (due to the logarithmic term depending on η e that arises in the three-point function), i.e. when k 1 = 2 k 2 = 2 k 3 [71, 72] . Further, b NL tends to −4 and −8 when n = 1 and n = 2 in the squeezed limit (i.e. as k 1 → 0), respectively, indicating that the cross-correlation satisfies the consistency relation, a point which we shall discuss in some generality in the next section. We have chosen η e such that the pivot scale of k * = 0.002 Mpc
leaves the Hubble radius 50 e-folds before the end of inflation. In this case, note that, we can write
For the matter bounce scenario and the two cases ofn = 1 andn = 3/2 that we had considered, we can arrive at the non-Gaussianity parameter b NL from the various expressions we had obtained earlier and the corresponding power spectra. However, as the resulting expressions are too lengthy and cumbersome, we do not explicitly write them down here. We shall plot them below and compare them with the results in inflation.
In Figs. 2 and 3 , we have illustrated the non-Gaussianity parameter b NL as a density plot for an arbitrary triangular configuration of the wavevectors k 1 , k 2 , and k 3 , as is often done for the scalar non-Gaussianity parameter f NL (see, for instance, Ref. [86] ). In these plots, the x-axis corresponds to the ratio of the amplitudes of k 1 and k 2 , while the y-axis corresponds to the ratio of the amplitudes of k 3 and k 2 . For the case of three-point functions involving perturbations of similar nature, such as the scalar and tensor bispectra, due to the symmetrical nature of these three-point functions, it is sufficient to construct these density plots over the domain 0.0 < k 1 /k 2 < 1.0 and 0.5 < k 3 /k 2 < 1.0. However, for the cases of three-point functions involving one mode of a nature dissimilar from the other two, such as in the case of the three-point function with one scalar mode and two electromagnetic modes that we are studying here, we find that the above ranges of ratios of the wavenumbers do not adequately represent all the various combinations of wavenumbers that can arise in such a context. Therefore, in Figs. 2 and 3 , we have plotted the b NL parameter over the ranges 0.0 < k 1 /k 2 < 2.0 and 0.0 < k 3 /k 2 < 1.0. These values of the ratios of wavenumbers can satisfactorily represent the entire range of triangular configuration of wavevectors of our interest.
A few points need to be stressed regarding the results that have been illustrated in Figs. 2 and 3 . Let us first discuss the case of de Sitter inflation. To begin, note that, in this case, the amplitude as well as the shape of the non-Gaussianity parameter b NL is considerably different depending on whether n = 1 or n = 2. Also, the amplitude in the n = 2 case is 6.22e+51 Figure 3 . The dimensionless non-Gaussianity parameter b NL arising in the matter bounce scenario has been illustrated in the form of density plots as in the previous figure for the two cases ofn we had discussed (n = 1 on the left andn = 3/2 on the right). When compared with the results in the inflationary case, two points are evident. Firstly, the shape of the parameter proves to be considerably more homogeneous. This is primarily because of the fact that all the scales of cosmological interest are much smaller than the bounce scale k 0 , and hence the simple bouncing scenario we are considering here does not strongly discriminate between the wavenumbers of interest. Secondly, the amplitude of b NL is considerably larger. This can be completely attributed to the forms of the coupling functions that we have considered. Moreover, in then = 3/2 case, there arises a strong red tilt with, say, b NL behaving as k −2 in the equilateral limit, which leads to even larger values (compared to then = 1 case, where it is nearly scale invariant) over cosmological scales. In contrast, in de Sitter inflation, b NL is nearly scale invariant in all the limits for both the values of n that we have considered.
considerably larger due to the appearance of the ln (−k T η e ) term, with the maximum values of the parameter arising in the flattened limit wherein k 1 = 2 k 2 = 2 k 3 . Moreover, as we already mentioned, in the squeezed limit wherein k 1 → 0 and k 2 = k 3 , we have b NL = −4 when n = 1 and b NL = −8 when n = 2. This is essentially the so-called consistency relation which we shall establish in the next section for an arbitrary n in the case of inflation. In contrast, the non-Gaussianity parameter seems to have primarily the same shape forn = 1 andn = 3/2 in the matter bounce case. This can be attributed to the fact that, as the wavenumbers of cosmological interest are much smaller than the bounce scale, the matter bounce scenario is unable to strongly discriminate between these modes. However, the amplitude of b NL in the matter bounce is considerably larger than in de Sitter inflation, which is possibly because of the form of the coupling function that we have considered. While, forn = 1, b NL is nearly scale invariant, say, in the equilateral limit, we find that the parameter has a strong red tilt whenn = 3/2 (with b NL behaving as k −2 ), leading to rather large values for the small wavenumbers (say, for 10 −20 < k/k 0 < 10 −15 ) corresponding to cosmological scales. We shall discuss the implications of this result in the concluding section.
5 The three-point function in the squeezed limit and the consistency relation
One of the most important characteristics of three-point functions is their behavior in the squeezed limit of the three wavenumbers, viz. when one of the three wavenumbers is much smaller than the other two, or, equivalently, when one of the three wavelengths is much longer than the other two. For the case of inflation, in this limit, the longest wavelength mode freezes on super Hubble scales and therefore acts as a background for the smaller wavelength modes. Consequently, the three-point function can be expressed in terms of the two-point functions involving the perturbations through the so-called consistency relation [75, 76] . In this section,
we shall obtain the consistency relation for the three-point function involving the magnetic field and the scalar perturbation in the case of de Sitter inflation. We shall also discuss its validity in the bouncing scenario. Let us first consider the case of de Sitter inflation. In the squeezed limit, i.e. when k 1 → 0 and, say, k 2 = −k 3 = k, the scalar mode with wavenumber k 1 can be considered to have exited the Hubble radius and hence its amplitude can be treated as a constant. Therefore, the mode f k can be extracted out of the integrals (3.11) . For the coupling function J(φ) that we had considered, given the modes (2.16), we obtain that, for arbitrary n [85] ,
Adding the contributions due to these two integrals, the three-point function in the squeezed limit can be written as
Using this result, the expressions for the power spectra of the scalar field and the magnetic field as well as the behavior of Hankel functions H ν (x) for small values of x, we can obtain the non-Gaussianity parameter in the squeezed limit to be [85] lim
where n B = (4 − 2 n) is the spectral index of the power spectrum of the magnetic field. This implies that, in the squeezed limit, b NL = −4 for n = 1 and b NL = −8 for n = 2, results that we had already arrived at in the previous section. In the bouncing scenario under consideration, we find that the scalar mode strongly grows as one approaches the bounce and, in fact, also exhibits a slow growth even after the bounce (in this context, see Fig. 1 ). Specifically, in contrast to its behavior in de Sitter inflation, the scalar mode f k does not become a constant at late times. Therefore, it can be expected that, contrary to the reduced integrals (5.1) that we had obtained in the squeezed limit in the inflationary context, the corresponding integrals in bounces would involve all the three modes. Consequently, the consistency relation (5.3) that is valid in the case of de Sitter inflation may not hold true in the bouncing model. On evaluating the three-point function and the non-Gaussianity parameter in the bounce, we find that the consistency relation is indeed violated. The violation of the consistency relation corresponding to the tensor bispectrum in a matter bounce was observed in a previous work [82] , and it is interesting to note that a similar behavior is exhibited by the three-point function involving one scalar and two electromagnetic modes as well. This difference in the behavior of the non-Gaussianity parameter between de Sitter inflation and matter bounce scenarios, despite the similarities in the two-point functions obtained in these two models, can potentially serve as a discriminator between the inflationary paradigm and the bouncing scenarios.
Discussion
The magnetic fields existing on various scales in the universe are considered to have originated from a primordial seed field. Although the generation of such fields via the inflationary mechanism has been well studied, there have been far fewer endeavors to investigate the origin of the primordial magnetic fields in bouncing models. One of the most important signatures of such fields would be the extent of non-Gaussianity associated with the cross-correlations between these fields and the scalar perturbations. These three-point functions have been evaluated in certain inflationary scenarios and it has been found that the corresponding non-Gaussianity parameter can be expected to be quite large.
In the matter bounce scenario of our interest, the modes grow as one approaches the bounce, and grow very slowly thereafter. Due to the enhancement in the amplitude of the modes, it can be expected that the non-Gaussianities associated with the three-point functions would be very large. In a previous work [82] , it was shown that irrespective of the growth of the tensor modes in a matter bounce, the corresponding tensor non-Gaussianity is rather small and the consistency relation for the tensor bispectrum is violated. In contrast, in this work, we find that the non-Gaussianity parameter associated with the cross-correlations involving the primordial magnetic fields and the scalar perturbations is very large and, in fact, is much larger than what is expected in the de Sitter inflationary scenario. Further, the corresponding consistency relation is violated in the bouncing model. It should be noted that the bouncing scenario that we have considered here suffers from considerable backreaction in the vicinity of the bounce [64, 65] , which can possibly be responsible for the large nonGaussianity that we encounter. This issue of circumventing the backreaction in the proximity of the bounce is non-trivial and needs to be investigated in more detail.
Recall that we have restricted ourselves to the matter bounce scenario. Evidently, other combinations of the parametersn and q can also lead to scale invariant magnetic power spectra of relevant amplitude. It would be interesting to examine whether other scenarios that result in similar amplitude for the scale invariant power spectrum also lead to similar results for the non-Gaussianity. Note that the extent of non-Gaussianity depends on J(φ) as well as dJ/dφ, with the latter depending on φ ′ [cf. Eq. (3.22) ]. Therefore, it is important to explore a wide variety of coupling functions J(φ), some of which may lead to considerably different levels of non-Gaussianity. We are currently exploring some of these issues.
While, in then = 3/2 case, they can be obtained to be 
